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A practical scheme is proposed for creation of continuous variable entangled cluster states of four 
distinct atomic ensembles located inside a high-finesse ring cavity. The scheme does not require a 
set of external input squeezed fields, a network of beam splitters and measurements. It is based 
on nothing else than the dispersive interaction between the atomic ensembles and the cavity mode 
and a sequential application of laser pulses of a suitably adjusted amplitudes and phases. We show 
that the sequential laser pulses drive the atomic "field modes" into pure squeezed vacuum states. 
The state is then examined against the requirement to belong to the class of cluster states. We 
illustrate the method on three examples of the entangled cluster states, the so-called continuous 
variable linear, square and T-type cluster states. 

PACS numbers: 42.50.Dv, 42.50.Pq 
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I. INTRODUCTION 



The investigation of the continuous variable (CV) 
quantum information has attracted a great interest along 
with the development of different techniques for genera- 
tion, manipulation and detection of CV multipartite en- 
tangled state The CV entangled states have many 
applications in various quantum information processing 
such as quantum teleportation Q, dense coding 0], en- 
tanglement swapping [4|, and quantum telecloning 
Recently, Zhang and Braunstein [|| have introduced a 
kind of CV Gaussian multipartite entangled states, the 
so-called CV cluster states. The states possess the prop- 
erty that their entanglement is harder to destroy than 
that of the CV Grecnbcrgcr-Hornc-Zcilingcr (GHZ) state. 
Menicucci et al. Q have proposed a generalization of the 
universal quantum computation by employing the CV 
cluster state and an optical implementation involving 
squeezed-light sources, linear optics, and performing a 
measurement by the homodync detection. Since then, 
the problem of the generation of a CV cluster state has 
became a very important issue. Several proposals have 
been put forward [1, H, QI], [H| ■ Essentially all these pro- 
posals are based on linear optics schemes and measure- 
ments on the system. For example, Su et al. [l~oj | exper- 
imentally produced the CV quadripartite cluster state 
of the electromagnetic field by utilizing two amplitude- 
quadrature and two phase-quadrature squeezed states of 
light and linearly optical transformation. Three differ- 
ent kinds of four-mode CV cluster states, which are suit- 
able for small-scale implementations of one-way quan- 
tum computation, have been proposed and experimen- 
tally constructed by applying squeezed light sources and 
a network of beam splitters [llj . 
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Apart from the schemes based on linear optics, a nu- 
merous interest is now in the study of practical appli- 
cation of atomic systems to CV quantum information 
and computation [T^, EH, EH- This is because a large 
collection of identical atoms, called an atomic ensem- 
ble, can be efficiently coupled to quantum light if a col- 
lective superposition state of many atoms can be uti- 
lized for the coupling 1 1 51 ] . The existence of long atomic 
ground-state coherence lifetimes has been thus used to 
realize the long-lived, high-fidelity storage of quantum 
states that is important for long-distance quantum net- 
working (l6| . Relying on optical joint measurements of 
the atomic ensemble states and magnetic feedback re- 
construction, a protocol to achieve high fidelity quantum 
state teleportation of a macroscopic atomic ensemble us- 
ing a pair of quantum-correlated atomic ensembles has 
also been proposed by Dantan et al. [TtJ ■ The dissipation 
version of the Lipkin-Meshkov-Glick (LMG) model [3 
and the effective Dicke model have been proposed in 
atomic ensemble based on cavity-mediated Raman tran- 
sitions. The quantum trajectories of collective atomic 
spin states of driven two-level atoms and coupled to a 
cavity field has been studied [2(| • Especially, it has been 
proposed that the unconditional preparation of a two- 
mode squeezed state of effective bosonic modes realized 
in a pair of atomic ensembles interacting collectively with 
a two-mode optical cavity and laser fields [2l|. However, 
how to prepare CV cluster states in atomic ensembles 
still remains an open question. 

In this paper, we address this question and propose a 
practical scheme for creation of four-mode CV entangled 
cluster states of four separate atomic ensembles located 
inside a single- mode ring cavity. The scheme does not in- 
volve any external sources of squeezed light and networks 
of beam splitters used in the linear optics schemes [ll[ . 
In our scheme the atomic ensembles are driven by laser 
pulses and a cluster state is created by specific sequen- 
tial choices of the Rabi frequencies and phases of the 
laser pulses. It is assumed that the atoms interact with 
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the laser pulses and the cavity field in a highly nonres- 
onant dispersive manner. The dispersive interaction in- 
volves virtual states, not the excited states of the atoms. 
Therefore, the process of preparation of a cluster state 
is not affected by the atomic spontaneous emission. We 
illustrate the method for three types of cluster states, the 
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so-called CV linear, square, and T-type cluster states [11 1 
and demonstrate how these states can be deterministi- 
cally prepared using the sequence of laser pulses and the 
cavity dissipation. In Sec. [Til we introduce the model 
and derive the effective Hamiltonian of the system. In 
Sec. IIII1 the wave functions of the three kinds of the four- 
mode CV cluster states are explicitly introduced and the 
concrete steps of preparation of these quadripartite clus- 
ter states are given. We summarize our results in Sec. lIVI 



II. THE MODEL 

We consider a system consisting of four atomic ensem- 
bles located inside a high-finesse ring cavity. The cavity is 
composed of four mirrors that create two modes, called 
propagating and counter-propagating modes, to which 
the atomic ensembles are equally coupled. External pulse 
lasers that are used to drive the atomic ensembles couple 
to only a single propagating mode, as it is illustrated in 
Fig. [TJ We assume that the atoms are homogeneously 
distributed inside the ensembles. In this case only the 
forward scattering occurs that allows us to neglect the 
coupling of the atoms to the counter-propagating mode 
and work in the single mode approximation [l9l . l2l| . In 
other words, the cavity mode propagates with the laser 
fields. This condition can be easily fulfilled in trapped 
room-temperature atomic ensembles where fast atomic 
oscillations over the interaction time lead to a collectively 
enhanced coupling of the atoms to a sin gle m ode that is 
practically collincar with the laser fields [l5| . 

The cavity is damped with the rate k that is assumed 
small to achieve a high finesse at a relatively large size 
of the cavity. In the current experiments with ring cavi- 
ties [II 11 [|1], finesses up to F = 1.7 x 10 5 are achieved 
with the cavity length (cavity round trip) L ss 100 mm, 
which gives the decay rate (k/2tt) « 20 kHz. With the 
relatively large length of the cavity, the mode spacing of 
the cavity field Aoj « 1 GHz that is much larger than the 
width of the cavity modes. Thus, the one mode approx- 
imation, assumed here, appears to be practical. 

The atomic ensembles contain a large number of iden- 
tical four-level atoms each composed of two stable ground 
states, \0jj>), |ljj'), and two excited states \ujj>), \sjj>). 
Here, the subscript j (j = 1, 2, 3, 4) labels the atomic en- 
sembles, and the subscript j' (j' = 1,2,..., Nj) labels in- 
dividual atoms in a given ensemble. Such a scheme might 
be realized in practice, e.g., by employing alkali atoms, 
with \0jj/) and \ljj>) as different ground-state sublcvcls. 
The ground state |0 3 y) of energy Eq.., = is coupled 
to the excited state \sjji) by a laser field of the Rabi 
frequency Q s . and frequency ljl s - that is detuned from 
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FIG. 1: Configuration of a ring cavity and four atomic en- 
sembles for the preparation of entangled CV cluster states. 
External pulse lasers of the Rabi frequencies fl Uj and Q Sj 
couple to only one (propagating) mode of the cavity and in- 
teract dispersively with the atoms. 




FIG. 2: Atomic level scheme. Two highly detuned laser fields 
of the Rabi frequencies Q u . and Q 3j drive the atomic tran- 
sitions — > \ujji) and \0jji) — > \sjji), respectively. The 
atomic transitions — > and \0jji) — > \Ujji) are cou- 

pled to the single-mode cavity with the coupling strengths g u . 
and g aj , respectively. 
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the atomic transition frequency by A Sj = (u> s . — LJL Sj ), 
where u Sj = E g .., /H and E s . ., is the energy of the 
state \sjji). Similarly, the ground state \ljj>) of energy 
Ei.., = huji j is coupled to the excited state \ujj>) of 
energy E u .., = huj Uj by an another laser field with the 
Rabi frequency Cl u . , and the angular frequency uiLuj that 
is detuned from the atomic transition \ljj>) — > \ujj>) by 
A u = (lu u , — u>\ . — ujlu )- The atoms interact with the 
cavity mode of frequency u a that simultaneously cou- 
ples to the \v,jji) <-> \0jji) and \sjj>) \ljj>) transitions, 
with the coupling strengths g Uj and g s . , respectively. We 
assume that the atom-field coupling strengths are uni- 
form through the atomic ensembles. This is consistent 
with current experiments involving ring cavities and and 
large samples of trapped atoms Practical sizes of 

the atomic samples are ~ 10 3 nm that is smaller than 
the cavity mode radius wq = 130/xm, and also is much 
smaller than the practical length of a single arm of the 
cavity. 

The system is described by the Hamiltonian, which in 
the interaction picture takes the form 



where 
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where S Uj = (uj Uj ~uj a ) and S Sj = (lu Sj — u\. —io a ) are the 
detunings of the cavity field from the atomic resonances, 
and <j) s . , 4> Uj are the phases of the driving fields. 

In order to eliminate spontaneous scattering of pho- 
tons to modes other than the privileged cavity mode, 
we assume that the laser fields and the cavity mode 
frequencies are highly detuned from the atomic reso- 
nances, i.e., the detuning {|A % .|, |, \8 Uj \, \S Sj \} > 
{gu^Qaj, I^uj-Ij \^ Sj \}- This allows us to apply the adi- 
abatic approximation [ll| [lj| HO, Hl| under which wc 
eliminate the excited states of the atoms and obtain an 
effective Hamiltonian of the atom-field interaction of the 
form [Hill 
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are the collective operators of the atomic ensembles, 

= „ A e ^ , /3 S , = n 3 A 3 e Vs i (4) 
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are the effective coupling constants of the ensembles to 
the cavity mode, and S a = uj a — {uJL Sj + w i Uj )/2 is the 
detuning of the cavity field from the average frequency of 
the laser fields. Here the frequencies of the driving lasers 
are also assumed to satisfy wl Sj — uJL Uj = 2wij. 

The first line of Eq. ^ represents the free energy of 
the ensembles. The second line represents an intensity 
dependent (Stark) shift of the atomic energy levels, and 
the third line represents the interaction between the cav- 
ity field and the atomic ensembles. The essential feature 
of the effective Hamiltonian © is that the atoms interact 
dispcrsively with the cavity mode. This means that the 
cavity mode will remain unpopulated during the evolu- 
tion. Note the presence of nonlinear terms, cJjj, a ^~i 
analogous to the counter-rotating terms, that will play 
the crucial role in creation of a squeezed state between 
the atomic ensembles. 

The Hamiltonian ^ is general in the parameter values. 
In what follows, we will work with a simplified version of 
the Hamiltonian by assuming equal coupling constants of 
the atomic ensembles to the cavity field, g Uj = g Sj = g, 
and equal detunings A Uj = A Sj = A. We further assume 
that each atomic ensemble contains the same number of 
atoms, i.e., Nj = N, and we choose the detuning S a such 
that the resonant condition with the shifted resonances, 
8 a + 4g 2 N/A = 0, is satisfied. 

A standard way to obtain a CV cluster state is to en- 
tangle a number of field (bosonic) modes. Therefore, we 
shall work in the field (bosonic) representation of the 
atomic operators and consider a procedure to entangle 
the corresponding number of the bosonic modes. In this 
approach, we make use of the Holstein-Primakoff repre- 
sentation [25[ that transforms the collective atomic oper- 
ators into harmonic oscillator annihilation and creation 
operators Cj and ct of a single bosonic mode 



err 



E 



o 2 



4A,, 



Na 

— £ 4- T 

2 + 2 



9u< {Nj _ 
A,,. I 2 Jz 



4A S , I 2 



a f ( • i •/;) +H.c.]} 



a* a 



(2) 



N 



eft, 
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- N/2. 



(5) 



For the procedure considered here of the preparation 
of the cluster states, the mean number of atoms trans- 
ferred to the states | ljji ) is expected to be much smaller 
than the total number of atoms in each ensemble, i.e., 
(c^Cj) < JV. By expanding the square root in Eq. ([5]) 
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and neglecting terms of the order of 0(1 /N), the collec- 
tive atomic operators can be approximated as [2l| 

jj « y/Nc), J Zj » -JV/2. (6) 

Substituting these expressions into Eq. and omit- 
ting the constant energy terms, we find that the effective 
Hamiltonian can be simplified to the form 

H °« = #EK( e * ,, « t «v+^«) 

3=1 

+O s . (< "' </r ; • e*' r>)}. (7) 

We now consider the evolution of the system under the 
effective Hamiltonian (0) including also a possible loss of 
photons due to the damping of the cavity mode. If the 
cavity mode is allowed to decay with a rate k, the system 
then is determined by the density operator p whose the 
time evolution satisfies the master equation 

P= -i[H e $,p] +L a p, (8) 

where 

L a p = —K,(2apa? — ap — pa) a), (9) 

represents the damping of the field by the cavity decay k. 
Choosing fi u ( s ) ■ and 4> u uy appropriately allows for the 
preparation of the system in a desired state that then 
decays to its steady-state with the rate k. 

Note that we have ignored the damping of the atoms 
by spontaneous emission due to large detunings assumed 
in the derivation of the effective Hamiltonian j7]). The 
spontaneous emission rate due to off-resonant excitation 
is estimated at the rate 7 e g = |(7/27r)(ri r ( s ) j /A) 2 that 
with the experimental values of 7 = 6 MHz for a rubid- 
ium atom and fi r ( s )./A = 0.005 gives 7 e fi ~ 40 Hz. The 
estimated value for 7 e ff is significantly smaller than k 
predicted for a cavity of the finesse F = 1.7 x 10 5 . 

The master equation ([8]) will be use to analyze how 
to deterministically prepare cluster states for the four 
atomic ensembles by a proper choosing of the Rabi fre- 
quencies Q u (s)j j and the phases (f> u r a y ■ We will use dif- 
ferent sequences of the laser pulses to drive the atomic 
ensembles and assume that all the atoms are initially in 
the lowest energy state \0jj>)- 



As a preface, we briefly discuss how one could distin- 
guish that a given state belongs to the class of cluster 
states. Simply, a given state is quantified as a cluster 
state if the quadrature correlations are such that in the 
limit of infinite squeezing, the state becomes zero eigen- 
state of a set of quadrature combinations [Tl| 




where x and p are the position and momentum opera- 
tors (quadratures) of a mode a, and the modes b are the 
nearest neighbors N a of the mode a. In what follows, 
we quantify a given state as a cluster state by evaluating 
the variances of linear combinations of the momentum 
and position operators of the involved field modes. If 
the variances vanish in the limit of the infinite squeezing 
then, according to the above definition, a given state is 
a cluster state. 



A. The preparation of the linear CV cluster state 

Let us first concentrate on the preparation of a four- 
mode linear cluster state involving four separate atomic 
ensembles, as shown in Fig. [3Ja). As we shall see, 
the preparation process depends crucially on the specific 
choice of the Rabi frequencies and phases of the driving 
laser fields. 

In order to unconditionally prepare a linear cluster 
state involving four separate atomic ensembles and find 
its explicit form, we make an unitary transformation 
(Lla = TiCjT± (j = 1,2,3,4) that transfers the Cj op- 
erators into linear combinations 

d L2 = 7=(*ci - c 2 - 2ic 3 - 2c 4 ), 

v 10 

d Ls = --^(c 3 + ia), 

d Li = -— L=(2ci + 2ic 2 + c 3 - ic 4 ). (11) 
v 10 

Since the operators di, j commutate with each other, the 
combined modes are orthogonal to each other. This will 
allow us to prepare each mode separately in a desired 



III. GENERATION OF THE CV 
QUADRIPARTITE CLUSTER STATES 

We now proceed to discuss the detailed procedure of 
the preparation of CV quadripartite cluster states of 
atomic ensembles located inside a single-mode ring cav- 
ity. In particular, we shall show how to deterministically 
prepare a linear cluster state, a square cluster state, and 
a T-shape cluster state, as shown in Fig. [3] 



(a) 



— ® ® — 6 — 3 

(b) (c) 



FIG. 3: Examples of CV quadripartite cluster states; (a) lin- 
ear cluster state, (b) square cluster state, and (c) T-shape 
cluster state. 
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state. In other words, an arbitrary transformation per- 
formed on the operators of a given mode will not affect 
the remaining modes. 

Let us now illustrate the procedure of preparing the 
field modes in a desired state by using laser pulses of 
equal length and suitably chosen magnitudes of the Rabi 
frequencies and phases of the driving lasers. More con- 
cretely, for a cluster state, all the modes di, should 
be prepared in a squeezed vacuum state. We employ 
the fact that the modes can be separately prepared in 
the squeezed vacuum state. Afterwards, if the variances 
of specific combinations of the quadrature components 
of the field operators vanish in the limit of the infinite 
squeezing, the desired state is a linear CV cluster state. 

In the first step of the preparation, we send a set of 
laser pulses driving the the atomic ensembles 1 and 2 
only, the lasers driving the atomic ensembles 3 and 4 are 
turned off. We choose the Rabi frequencies as 

fl Un = — ^ = V20, n = 1,2, 



n U] = n S] =0, j = 3, 4, 

and the phases of the driving lasers 
/ 3 1 



(12) 



(13) 



After the first step of the preparation, the mode di Jl is 
left in a state that is described by the density operator 
Pl = TipT^, which obeys a master equation 

d 



dt Pl 



-i/3 



a) d^ 1 + ra^dX 



H.c. 



Pi 



+ L aPl , (14) 



where f3 = yNgfl/A and r £ (0, 1). If we now perform 
the single-mode squeezing transformation for the mode 
c?Li as pi = Sl(£)piSi(£) with the single-mode squeezing 
operator [2^| 



SAO- 



= cxp 



4, 



(15) 



where £ = tanh (r), we find that the master equa- 
tion (Tl4"l) becomes 



d 
dt 



— pi = /3y/l- r 2 



ad\ 



1U1 



■ Pl 



+ L a p~i. (16) 



It can be shown from Eq. ([16]) that in the steady state, 
the cavity mode will be in the vacuum state and the 
mode dL ± will be in a squeezed vacuum state. This is 
easy to understand, the master equation (|16p represents 
two coupled modes with the cavity mode linearly damped 
with the rate re. Since the remaining modes d^ 2 , dL 3 , and 
dz, 4 are decoupled from the mode d^ x , they remain in an 
undetermined state Pd L2 d L3 d Li { T )- 

In order to estimate the required time to reach the 
steady state, we calculate eigenvalues of Eq. p^|) 



A+ = --± 



(f) 2 -/? 2 (l-r 2 ) 



(17) 



from which we observe that as long as (3\/l — r 2 > k/2, 
the time for the system to reach its steady state is of 
order of ~ 2/k[23|. Therefore, the system will definitely 
evolve into the steady state, provided the interaction time 
is sufficient long, for example, r = 4/k. The time r = 
4/re determines the time scale in our protocol for the 
preparation of the cluster states. 

By taking the inverse unitary transformation, it follows 
that in the steady state, the total system is in a state 
determined by the density operator 

Pi(T) = 5 1 (£)|0 Q ,0 d , i )(0 a ,0 £i , i |5 1 t (£)®p (Jl2(iL3£i , 4 (r). (18) 

Briefly summarize what we have obtained after the first 
step of the preparation of a linear CV cluster state. 
The application of suitably chosen laser pulses leaves the 
mode df,! prepared in the single-mode squeezed vacuum 
state, with the cavity field found in the vacuum state, 
and the remaining combined modes djj 2 , dL 3 , and dj Ji 
left in the states related to their initial states. 

In the second step, we turn off the first series of driving 
lasers and sequentially send another series of laser pulses 
with different parameters to preparation of the combined 
bosonic mode di 2 in the single-mode squeezed vacuum 
state so that a similar linearly mixing interaction between 
the cavity mode and another combined bosonic modes 
arises. As before, for the first series of pulses, a single- 
mode squeezed vacuum state for this combined bosonic 
mode can be prepared due to the cavity dissipation. The 
Rabi frequencies of the second series of the laser pulses, 
which are turned on during the time of t € [r, 2r) for the 
preparation of the combined bosonic mode c?l 2 in the 
single- mode squeezed vacuum state 5*2 {£,)\®d L ), are 



^ - /1 



a. 



SI, n = l,2, 



V, .7 = 3,4, 



(19) 



and the phases of the driving lasers 
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— 7T, 
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^83 


= — 7T 
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0S2 = 




= 0S4 



= 0. 



(20) 



The specific choice of the Rabi frequencies and the phases 
ensures the mode cZl 2 to be prepared in the state de- 
scribed by the density operator pi satisfying the same 
master as Eq. (fT4"]) but with replaced by d^ 2 . 

In the third step, which is performed during the time 
of t E [2t, 3t), the combined bosonic mode di 3 is be- 
ing prepared in the single-mode squeezed vacuum state 
5 , 3(£)|0 ( j [3 ). The Rabi frequencies of the third series of 
the laser pulses, are 



lift 
^ - /1 



0, 71 = 1,2, 

v/20, j = 3,4, 



(21) 
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and the phases are 



0. 



y «3 2 ' ^ S3 

^4 = <£s4 = 



— 7T, 
2 ' 



(22) 



The fourth series, laser pulses are turned on during 
the time of t £ [3r, At). In this final series, the combined 
bosonic mode di 4 is prepared in the single-mode squeezed 
vacuum state S4(^)\0d Li ) ■ The laser pulses required to 
achieve this are of the Rabi frequencies 



n s 4 

Vu n = — = n=l,2, 
r V10 

o s 2 

^ = -^ = -=0, j = 3, 4, 
r V10 



(23) 



and phases 



= <t>s k =0, fc = 1,3, 



► 



7T, 



(24) 



Therefore after enough long time 4r, the system evolves 
into the state determined by the density operator 



where 



pi(4r) = |$ £ )(*L|®|0o)(0 o | 1 (25) 

= r 1 |* L ) = 5i(0|o <Iil )®s' a (0|o ( , la ) 

®S^)\Qd L3 ) ® S 4 {^d Ll ) (26) 

Evidently, the transformed state is in the form of a 
quadripartite squeezed vacuum state 26]. Once all the 
combined modes . arc prepared in the corresponding 
single-mode squeezed vacuum states, the explicit form 
of the state created can be obtained by reversing the 
unitary transformation T\ . This leads to a pure linear CV 
quadripartite state of the form 



where 



2 i 2 
C 3 + c 4 



8i(cic 2 + c 3 c 4 ) 
4(ci + tc 2 ){c 3 - id)} - H.c.}|{0 c }), (27) 



|{0c}) 



|0 C1 ,0 C 



,o C3 ,o c 



(28) 



We may summarize that by an appropriate driving the 
four atomic ensembles, the four combined bosonic modes 
will be ultimately prepared in four single-mode squeezed 
vacuum states. It can be done in four steps by appropri- 
ately choosing the laser parameters such as phases and 
intensities. Then, by applying an inverse unitary trans- 
formation, the pure linear CV entangled state f° r 
the four atomic ensembles can be obtained. 



The question remains as to whether the state is 
an example of the linear CV cluster state. To examine 
this, we introduce the quadrature amplitude qj = (cj + 
cj)/\/2 and phase pj = — i(cj — ct)/ \[2 components of the 
four modes involved, and easily find that the variances 
of the linear combinations of the components, evaluated 
according to the definition (fT0|) , are 

*-2€ 



V(pi - q 2 ) 
V(p 2 -qx- ft) 

V(P3 - Q2 - qi) 
V(p4 - q 3 ) 



-2« 



(29) 



where V(X) = (X 2 ) - (X) 2 . Clearly, all the four vari- 
ances tend to zero in the limit of infinite squeezing, 
£ — > 00. We therefore conclude that the state \^l) is 
a four- mode linear CV cluster state \la. 



B. The preparation of the square CV cluster state 

Having discussed the procedure of creation of a linear 
cluster state, we now proceed to describe the realization 
of an entangled CV square cluster state \ips)- The strat- 
egy is based on the same procedure used above for the 
preparation of the CV linear cluster state. 

A square CV cluster state may be obtained by per- 
forming a unitary transformation ds — T2cfT\ to obtain 
superposition modes determined by the following opera- 
tors 



dsi = 

ds 2 = 

ds 3 = 

dsi = 



1 



V2 
1 



(ici + ic 2 + 2c 3 + 2ci), 



(ci - c 2 ), 
(2ci + 2c 2 + ic 3 + ia), 



■^(03 -C 4 ) 



(30) 



Similar to the preparation of the CV linear cluster 
state for the four separated atomic ensembles, here we 
can make the interaction between the cavity and the four 
mode Cj (j = 1,2,3,4) reduce to the coupling between 
the mode a and one of the combined mode ds- in the 
form of a combined linear mixing process by choosing 
proper parameters of lasers. After a long-time interaction 
r = 4/k, the cavity mode a and the combined mode dgj 
will respectively develop into the vacuum state and the 
squeezed vacuum state exp(|o?|. — H.c.)|0d s .) due to the 
cavity dissipation. Therefore through separately sending 
four series of driving lasers and send another series of 
laser pulses with different appropriate parameters such 
as phases and amplitudes, the four single-mode squeezed 
vacuum states for the combined bosonic modes ds can be 
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prepared with the help of the cavity dissipation. Subse- 
quently, by reserving the above unitary transformations, 
we can deterministically prepare the quadripartite square 
cluster state \ips}- 

The four sets of the laser pluses are chosen as follows. 
In the time period of t 6 [0, r), we apply the first set of 
pulses of the parameters 



ft s 2 
fi« = — ^ = —==&, n = l,2, 
r JlO 



ft.. 



.7 = 3,4, 



(31) 



and the phases of the driving lasers 



3 

2*' 



i?r, n=l,2, 



Sj =^ 3 = 3, 4. 



(32) 



At the time of £ = t, we turn off the first set of lasers 
and send the second set of laser pluses of the Rabi fre- 
quencies 



fi Un = — = n = 1,2, 

r 

n Uj = ft a . =o, j = 3,4, 

and the phases 



(33) 



1 



1 



At the time of £ = 2r, we turn off the second set of laser 
pulses and send the third set of the Rabi frequencies 

n s 4 

ft„ = = -— ft, n = l,2, 



ft*. 



and the phases 



ft.. 



n, j = 3, 4, 



(35) 



"111 ^2 — — 7^4 



2 ' 



0s 2 = 7T 



(36) 



At the time t = 3r, we turn off the third set of lasers 
and send the fourth set of laser pulses of the Rabi fre- 
quencies 



ft s 

n Un = _22.=0, n=l,2, 
r 

ft Uj = ft Sj = V2ft, j = 3,4, 
and the phases 



(37) 



0, n=l,2, 
1 



3 



After the above sequence of the laser pulses, the system 
is left in a state described by the density operator 



Pi(4r) = r 2 |* s )(«'s|T 2 t ®|0 Q )(0 a | 



(39) 



Inverting the transformation T 2 , we find that the system 
is in the state 



exp 



£ r„2 , 2 



10 



8cic 2 - 8c 3 c 4 



-4i(ci + c 2 )(c 3 + c 4 )] - H.c.} |{0 C J). (40) 



Finally, we calculate the variances in the sum and 
difference operators following the general procedure for 
quantifying the cluster states and find that the vari- 
ances for the square type state illustrated in Fig. (Hb) 
are given by 

V(pi - <?3 - U) = V(p 2 - <?3 - 94) = V(p 3 -qi- q 2 ) 
= V{ P4 - qi -q2) = ^e- 2 t. (41) 

We see that the variances tend to zero when the squeezing 
parameter goes to infinity, £ — > 00. Hence the state 
is an example of a four-mode square cluster state [111 ]. 
We conclude that the sequential application of the laser 
pulses, the CV entangled quadripartite square cluster 
state \ips) is unconditionally produced. 



C. The preparation of a T-shape cluster state 

Finally, we apply the above formalism to describe how 
to prepare a T-shape entangled cluster state of the form 

\ip T ) = exp||[c?-c^-c^-c^ + 2ici(c 2 + c 3 + c 4 ) 
+2(c 2 c 3 + c 2 c 4 + C3C4)] - H.c.}|{0 c J). (42) 

As above, we first perform a unitary transformation 
dr. = T^CjT^ that transfers the bosonic operators Cj into 
superposition modes 



d T2 
d T3 



V3 
2 

3 

V2 



id - g(c 2 + c 3 + c 4 ) 



c 2 - -(c 3 + c 4 ) 



(c 3 - c 4 ) , 



1 



(jci + c 2 + c 3 + c 4 ) . 



(43) 



We will show that the transformation T 3 leads to the field 
modes that can be prepared in a T-shape cluster state. 

Following the similar four-step procedure as in the 
above two examples, we first show that by a suitable 
choice of the Rabi frequencies and phases of the laser 
fields, one can prepare the modes g?t in a squeezed vac- 
uum state. 



8 



To achieve this, we choose the following sequence of 
the laser pulses. In the first step, the atomic ensemble is 
driven by pulse lasers over the time period of t £ [0,t), 
with the Rabi frequencies 



Ms, 

— = o, 

r 



Q, n = 2,3,4, (44) 



and the phases 



j 1 , 3 



7T, J = 2,3,4. 



(45) 



At the time of t = r, we turn off the first set of lasers 
and send a second set of the pulses, with the Rabi fre- 
quencies 



n Ul = n 81 = o, 
n - n - 

^„ = -± = ?-si, j = 3,4, 

r 3 



(46) 



and the phases 

3 . 1 . 1 . 3 
0«i = -tt, 9>«i = 2 71 "' = 2 71 "' 0« = _7r - ( 47 ) 

The following sets of pulses arc: At the time of t = 2t: 



= 0, n=l,2, 
= V2Q, j = 3,4, 

0«2 = </>S2 = = 
7T, j = 3,4. 





f2 Sn 








r 








r 


<j>U! 


= <f> Sl ■- 




= (f> Sj - 



(48) 



At the time t = 3r 



0„ n = _2=. = fi J n=l,2,3,4, 
r 



1 JL 3 

, = =0, j = 2,3,4. 



After the above sequence of the laser pulses, the system 
is left in a state described by the density operator 



pi(4r) = T^ t )^>t\TI ® |0„)(0 a 



(50) 



(49) 



Inverting the transformation T3, we find that the system 
is in the pure state ([32]). 

The only thing left is to determine as to whether the 
state \^>t) belongs to the class of cluster states. It is done 
by calculating the variances of the sum and difference 
operators from which we find that for the state \ipr), the 
variances are given by 

V(pi - q 2 - q3 - 94) = 2e~ 25 , 

V(p 2 -qi) = V(p 3 -qi) = y(p 4 -gi) = e- 2 «. (51) 
Clearly, the variances tend to zero when £ — > 00. Con- 
sequently, we may conclude that the state \^t) is an ex- 
ample of a four-mode continuous variable T-shapc cluster 
state. 



IV. CONCLUSIONS 

We have described a practical scheme for the prepa- 
ration of entangled CV cluster states of effective bosonic 
modes realized in four physically separated atomic en- 
sembles interacting collectively with a single-mode op- 
tical cavity and driving laser fields. We have demon- 
strated robustness of the scheme on three examples of the 
so-called continuous variable linear, square and T-typc 
cluster states. The basic idea of the scheme is to transfer 
the ensemble field modes into suitable linear combina- 
tions that can be prepared, by a sequential application 
of the laser pulses, in pure squeezed vacuum states. Wc 
have shown, by referring to practical parameters, that 
the scheme is feasible with the current experiments. 
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